We show the multidimensional stability of subsonic phase transitions in a non-isothermal van der Waals fluid. Based on the existence result of planar waves in our previous work [1], a jump condition is posed on non-isothermal phase boundaries which makes the argument possible. Stability of planar waves both in one dimensional and multidimensional spaces are proved.
Introduction
The motion of a 2-dimensional non-isothermal van der and i is the specific enthalpy given by
Otherwise, according to the second law of thermodynamics, the specific entropy s and the specific free energy f of the fluid is defined by 
The fluid is in liquid phase in the region
while it is in vapor phase in the region
highly unstable region (spinodal region) where no state can be found in experiments is a onic phase transition is a discontinuous solution to t t [2] . Due to such monotonicity, subsonic phase transitions can be found in a van der Waals fluid, which is different from the well-known classical nonlinear waves such as shock waves, rarefaction waves and contact discontinuities.
A subs the Euler Equation (1) with a single discontinuity, which changes phases across the discontinuity and satisfies certain subsonic condition on both sides of the discontinuity. To explain the concept with more detail, let us consider the following planar subsonic phase transition
, , , 
and the subsonic condition [11] an w that the corresp sonic op entropy inequality [3] is violated for subsonic phase transitions. Hence, se missibility criteri ced to select the physical admissible subsonic phase transitions, among which the viscosity capillarity criterion proposed by Slemrod [4] is an important one. Ever since, for a long time, attention has been paid to isothermal phase transitions and related problems with numerous works devoted to such topics. For problems in one dimensional spaces, see [2, [4] [5] [6] and references therein. For problems in multi-dimensional spaces, see [7] [8] [9] [10] and references therein.
Compared with isothermal phase transitions, there is much less knowledge on non-isothermal phase transitions and there are fe d Grinfeld [12] proved the existence of traveling waves in Lagrange coordinates by Conley index theory. Hattori [13] considered certain cases of the Riemann problem by the entropy rate criterion. Recently, the author [1] proved the existence and structural stability of traveling waves by using the center manifold method, in light of which, we can expect to reveal more insights of multidimensional phase transitions.
The purpose of this paper is to study the multidimensional stability of non-isothermal phase transitions. With straightforward computation, we sho onding linearized initial boundary problem for the planar phase transition satisfies the uniform Lopatinski condition [14, 15] . Without giving much detail, here we briefly state the main result of this paper Theorem 1. The paper is arranged as follows Secti n 2 is a f recall of the viscosity capillarity criterion for phase transitions and related existence results of traveling wav ction 3, we propose the main problem and prove the stability of phase transitions in one dimensional spaces. The multidimensional stability of phase transitions is presented and proved in Section 4.
For the simplicity of notations, we will need the following quantities in the coming arguments. 2 , ,
,
 is the capillarity c efficient 
where the prime ' denotes the derivative of a function
 . In order to deal with the above problem by the center manifold method, we proposed the following assu in [1] ,
which was later simplified as
with M 
Therefore, the admissibility of subsonic phase transitions can be defined by 
is called the viscosity capillarity profile
To state the existence result of   (20) by the qual area rule as in [8] , which means Moreover, for every 
where 
wing jump conditions the follo 
where − denotes the value of a function for   
Linearized Problems and One Dimensional Stability
In this section, we propose the nonlinear problem for a multidimensional subsonic phase transition and derive the corresponding linearized problem. Then we pro 1-dimensional stability for the linear problem.
Linearized Problems
Endow the Euler Equation (1) 
where the third equation is a reformulation of the jump conditi
, ,
Following [15], we introduce the following transformation to map the free boundary
, , , ,
Then the problem (26) becomes
where we have dropped the tildes for simplicity of notations. 
and
earized problem for the unk . Then, the following lin-
where
,a n d , .
Noticing that the boundary conditions of (29) involve the quantities j a  , j b  , and , we will need the following lemma to deal with these quantities. π . as the following
One Dimensional Stability
Th ely, e one dimensional stability concerns the stability of the problem (29) without terms of y-derivatives, nam 
